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dimensions, or as points on the surface of
a unit sphere. Because of this, directional
data in three-dimensions are also referred
to as spherical data.

Directional data have many unique and
novel features both in terms of modeling
and in their statistical treatment. For in-
stance, the numerical representation of
two-dimensional direction as an angle or a
unit vector is not necessarily unique since
the angular value depends on the choice of
what is labeled as the zero-direction and
the sense of rotation. What is consid-
ered 60° by a mathematician who takes
true East as the zero-direction and coun-
terclockwise as the positive direction comes
out to be 30° to a geologist who takes true
North as the zero and clockwise as the pos-
itive direction.

The same is true of the specific values as-
signed to any spherical data set. It is there-
fore important to make sure that our con-
clusions (i.e., data summaries, inferences,
etc.) are a function of the given observa-
tions and not dependent on the arbitrary
values by which we refer to them. That
is, we should aim at conclusions that do
not depend on the arbitrary choice of ori-
gin and sense of rotation. Again, because
of this arbitrary choice, there is also no nat-
ural ordering or ranking of the observations
since whether one direction is “larger” than
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the other depends on whether clockwise
or counterclockwise is treated as being the
positive direction as well as where the
“yero” is. This makes rank-based methods
essentially inapplicable. Finally, since the
“heginning” coincides with the “ond” i.c.,
the data is periodic, methods for dealing
with directional data should take careful
note of how to measure the distance be-
tween any two points.

Quch distinctive features make direc-
tional analysis substantially different from
the standard “linear” statistical analysis of
univariate or multivariate data that one
finds in most statistics books. The need
for “invariance” of statistical methods and
measures with respect to the choice of this
arbitrary zero-direction and sense of rota-
tion makes mauy of the usual linear tech-
niques and measures oftenn misleading, if
Lot entirely meaningless. Commonly used
SuIMary measures on the real line, such
as the sample mean and variance, turn out
to be inappropriate as do all the moments
and cumulants. Analytical tools such as
the moment generating function and other
generating functions are equally useless.
Many notions such as correlation and re-
gression as well as their statistical mea-
sures need to be reinvented for directional
data. Similarly, such ideas of statistical
inference as unbiasedness, loss functions,
variance bounds, etc., need to be redefined
with caution.

All in all, this area of directional data
provides an inquisitive reader with many
open research problems and is a fertile area
for developing new statistical methods and
inferential tools. There is also an oppor-
tunity to develop new and novel “applica-
tions” to problems arising in natural, phys-
ical, medical, as well as social sciences.

It may be remarked that in studying cir-
cadian or other rhythms, the circle may be
used to represent one cycle, and the in-
terest may lie in the timing of an event
within this cycle, say for instance when the

body temperature Or the blood preg,
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mental alertness, reproductive cycles, Fﬂ'{t:i
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The aim here is t0 make the readers, and
especially applied scientists, aware of g,
limitations of the standard “linear” statis.
tical methods so that they can correctly
model, analyze, and make inferences g
problems that have to do with directions,
Gince solutions to many directional datg
problems are nontrivial and often not ob-
tainable in simple closed analytical form,
related computer software is essential for
practitioners to be able to use these meth-
ods. One such software called CircStats
based on R, is freely available.
circular data i
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that inference (estimation and hypothesis
testing for parameters such as ¢ and ) can
be relatively easily handled.

Clearly there are large classes of other
models. But their use for data analy-
sis can be judged only by the availabil-
ity of relevant sampling theory for infer-
ence. One large class of circular distribu-
tions, the so-called “wrapped” models, are
obtained by wrapping any linear distribu-
tion around the circle. See, e.g., Gatto and
Jammalamadaka. [5], who discuss inference
for a wrapped stable family of models, and
Jones et al. [8], who discuss wrapping a.
t-distribution.

14.3 Nonparametric Methods

One- and multi-sample problems of infer-
ence that do not depend on specific models
(i.e., model-free or nonparametric meth-
ods) are available for directional statis-
tics.  The classical one-sample problem
of goodness-of-fit can be converted to one
of testing uniformity just as one does on
the real line, as long as one makes sure
that the proposed test statistic is invari-
ant under choice of origin and rotation.
Such invariant versions of classical tests
like the x2, the Kolmogorov—Smirnov, and
the Cramer—von Mises tests have been de-
veloped by Rao [12], Kuiper [9], and Wat-
son [14] respectively. Rao [12] considers
the average of x? over all possible choices
of the zero direction, to obtain an invariant
version of it. If @y < --- < @(,) denote
the ordered observations corresponding to
T, ..., 2n, the empirical distribution func-
tion (edf) is defined by

0 if v <),
ifn if wuy <o <z,
1 if 2 > 20,

F.(z) =

One can define an edf for the circular case
analogously with respect to any arbitrary
origin, but the values taken by such an
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odf will depend on the choice of this ori-
gin as well as whether clockwise or coun-
terclockwise is taken as the positive direc-
tion. Thus in order to be able to use these
for circular data problems, statistics such
as the Kolmogorov—Smirnov and Cramer—
von Mises should be modified so as to make
them rotation invariant.

Recall the one-sided Kolmogorov
Smirnov statistics given by

Visup(Fa(e) - F(z)),
\/ﬁsgp(F(m) — Fa(z))
= = ni&f(Fn(ﬂc) - F(2))-

Dt =

D-

T

Ii

The more common two-sided Kolmogorov—
Smirnov statistic Dn can then be written

as

Dn

i

x/ﬁs%pan(m) —~ F(a)|

= max(D}, D)

B
Noticing that D;f gains (or loses) just as
mueh as D, loses (or gains) due to a rota-
tion., Kuiper [9] suggested the stalistic

Vv, = (D} +Dy) -
Another classical alternative edf-based
test for goodness-of-fit on the real line is

provided by the Cramer-von Mises test,
given by

Cﬁ:n/

Watson [14] provided an invariant modifi-
cation of this that is suitable for circular
data, and it is defined by

W2=/OO

/:: (F, - F) dFr dF.

(F, — F)*dF.

(R

Note that if the Cramer—von Mises
statistic can be thought of as the “second

moment” of (F, — F), Watgon's Statisgj,,
imilar to the expression for Varianee
that if the quantity (1% — I7) chamgpey 1, ;
constant § due to a change of origin, a“",'\r
stated before, the varianee will nog t'.l'li-LI'l\r 3
Two cirenlar samples can be o "“Imf i
by using twe -sample versions of the l'\‘-llihlﬁ]
and Watson tests, among others, oy }hr
nsing the so-called ""H[Jillf-il.lgi'i-fl'{".{llI(:\I]}l:ip;ﬂ.
which are the counts af the first gmuln‘lh
that Fall in between the gaps made by
second sample. See Holst and Ran lﬁl i'm
a thorough discussion of this class of l.“:l
sample nonparametric tests. ¥

14.4 Multivariate Problems ,

One can consider two oOr more (i
rectional variables —simultaneously, o
directional variables in conjunction wifl
linear variables. ~ For instance, modd
for bivariate circular data have the tonl
(circle x circle) as their sample spil
whereas one circular and one linear vk
able take their values on the surface ¢
a cylinder (circle x RY).
modeling, correlation, and regression B
such a context are discussed in Fisher -
Chap. 6], Mardia and Jupp 11, Clig
11}, and Jammalamadaka and SenGup
[7, Chap. 8}.

14.5 Final Remarks

The aim of this chapter is somewhat &
ited and is mainly to bring awareness 08
the fact that the standard lineal
and methods of analyses in whiel g
usually trained are not :l-l‘l‘“‘:“hlc‘rﬁ]'
dealing with directional data- Thetg
many excellent books on the t0
rectional statistics to which W&
interested reader for further detnil
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